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Recently, the BESIII collaboration has reported numerous measurements of various D(s) meson
semileptonic decays with significantly improved precision. Together with similar studies carried out at
BABAR, Belle, and CLEO, new windows to a better understanding of weak and strong interactions
in the charm sector have been opened. In light of new experimental data, we review the theoretical
description and predictions for the semileptonic decays of D(s) to a pseudoscalar or a vector meson.
This review is essentially an extended discussion of our recently published results obtained in the
framework of the covariant confining quark model.
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1 Introduction
One of the fundamental ingredients of the Standard
Model (SM) of particle physics is the Cabibbo–Kobayashi–
Maskawa (CKM) matrix [1, 2] which describes the quark
mixing and holds the key to CP -violating phenomena.
Precise determination of the CKM matrix elements is
therefore crucially important. In this respect, semileptonic
weak decays of mesons play an important role in our un-
derstanding of the SM since they provide the most direct
way to extract the CKM matrix elements from experi-
ments. Purely leptonic decays of mesons can also be used
for the same purpose, but in many cases, they are not
as experimentally accessible as semileptonic decays due
to helicity suppression. Moreover, in semileptonic decays,
the appearance of one (and only one) hadron in the fi-
nal state gives rise to a richer phenomenology in compar-
ison with purely leptonic decays, and, at the same time,
keeps semileptonic decays theoretically cleaner compared
to nonleptonic ones (for reviews, see e.g., [3, 4]).
Recently, the study of semileptonic decays of charm
mesons has gained a great deal of attention, thank to
the development of experimental facilities and progress
in theoretical studies. Many collaborations have provided
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more and more precise measurements of these decays,
which allow the extraction of the CKM matrix element
|Vcd| and |Vcs| to an increasingly better accuracy. For
example, the Particle Data Group (PDG) recently re-
ported the values [5] |Vcd| = 0.2140± 0.0029± 0.0093 and
|Vcs| = 0.967±0.025 based on the measurements of the de-
cays D → pi(K)ℓν at BABAR [6, 7], Belle [8], BESIII [9],
and CLEO [10]. Note that such extraction of |Vcd(s)| re-
quires theoretical calculation of the form factors character-
izing the hadronic transitions D → pi(K). Here, the form
factors fDpi+ (0) = 0.666±0.029 and fDK+ (0) = 0.747±0.019
obtained from a recent lattice QCD calculation [11] were
used.
Semileptonic D(s) decays also offer stringent tests of the
SM in the charm sector including the CKM matrix uni-
tarity, isospin symmetry, CP -violation, and lepton flavor
universality (LFU). Recently, many semimuonic charm
decays have been measured for the first time at BESIII
[12–14]. This sheds more light on the search for possible
LFU violations and new physics beyond the SM at the
precision frontier. Last but not least, semileptonicD(s) de-
cays allow one to probe into the strong interaction effects
happening in the transition between the initial and final
mesons. These effects are parametrized by the hadronic
invariant form factors which are functions of the momen-
tum transfer squared (q2) between the mesons. As a re-
sult, measurements of the form factors can be used to
test different theoretical models and improve the inputs
of theoretical calculations.
Weak decays of hadrons are characterized by the in-
terplay between weak and strong interactions. While the
structure of the weak interaction is rather simple in the
SM, the dynamics of the strong interaction is theoreti-
cally challenging. The reason is simple: transitions be-
tween hadrons are related to the bound state effects
and hadronization, which are characterized by nonper-
turbative dynamics. Therefore, one needs nonperturba-
tive methods to take into account the strong interaction
in these decays. These methods include lattice QCD, QCD
sum rules, and quark models. Very recently [15, 16], we
studied a large set of D(s) semileptonic decays where the
hadron in the final state is one of pi, ρ, ω, K, K∗(892),
η, η′ in the case of D decays, and φ, K, K∗(892), η,
η′ in the case of Ds decays. We also considered the de-
cays D+(s) → D0ℓ+νℓ. In these studies, the form factors
were calculated in the whole physical range of momen-
tum transfer by using our covariant confining quark model
(CCQM).
In this review, we provide a detailed theoretical descrip-
tion of the D(s) semileptonic decays and summarize our
theoretical predictions obtained in the CCQM, which were
published in the recent papers [15, 16]. We also discuss re-
cent experimental data and other theoretical results. The
rest of the review is organized as follows. In Section 2, we
introduce the semileptonic matrix element and define the
corresponding hadronic form factors. We also discuss sev-
eral form factor parametrizations that are commonly used
in the literature. In Section 3 we describe the helicity tech-
nique and use it to obtain the twofold decay distribution.
Section 4 is devoted to the derivation of the full angular
fourfold distribution and the construction of physical ob-
servables that can be studied experimentally. In Section
5 we briefly describe the CCQM and its application in the
calculation of the hadronic form factors. Our predictions
for the form factors, the decay branching fractions, and
other physical observables are presented in Section 6. A
detailed comparison of our results with other theoretical
approaches and experimental data is provided. Finally, we
briefly conclude in Section 7.
2 Matrix element and form factors
In the SM, semileptonic decays of D(s) meson proceed via
two sub-processes c → d(s)W ∗+ and W ∗+ → ℓνℓ as de-
picted in Fig. 1. The theoretical description of the weak
interactions in these decays is straighforward. However,
the difficult part lies in the prediction of the strong inter-
actions bounding quarks inside hadrons, which are large
at the typical decay energies. Due to the fact that theW ∗+
boson decays into a lepton pair which is invisible to the
strong force, the weak and strong interactions can be well
separated. This makes semileptonic decays theoretically
cleaner than nonleptonic decays.
In the SM, the matrix element for semileptonic decays
of the D(s) meson to a pseudoscalar (P ) or a vector (V )
meson in the final state is written as
M(D(s) → (P, V )ℓ+νℓ) = GF√
2
V ∗cqH
µLµ, (1)
where GF is the Fermi constant. The leptonic and
hadronic currents are given by
Lµ = ν¯ℓγµ(1− γ5)ℓ, (2)
Hµ =
〈
(P, V )|V µ −Aµ|D(s)
〉
, (3)
with V µ = q¯γµc and Aµ = q¯γµγ5c being the flavor-
changing vector and axial-vector currents, respectively.
Fig. 1 Feynman diagram for semileptonic D(s) decays. The
spectator quark q¯ can be u¯ (D0), d¯ (D+), or s¯ (Ds). P (V )
stands for pseudoscalar (vector) meson.
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All strong effects have been absorbed into the hadronic
current Hµ, which is also referred to as the hadronic ma-
trix element.
The hadronic matrix element is constructed from four-
vectors appearing in the transition, namely, the four mo-
menta and polarization vectors of the mesons. In the case
of D(s)(p1) → P (p2), there are two independent four-
vectors, which can be taken as P = p1+p2 and q = p1−p2.
One can then parametrize Hµ in terms of two invari-
ant form factors depending on the momentum transfer
squared (q2) between the initial and final mesons as fol-
lows:
〈P (p2)|V µ|D(s)(p1)〉 = F+(q2)Pµ + F−(q2)qµ. (4)
Note that for P → P ′ transitions, the axial-vector current
Aµ does not contribute, and therefore, has been omitted in
Eq. (4). In the case of D(s)(p1)→ V (p2, ϵ2), the additional
polarization vector ϵ2 of the meson V gives rise to four
form factors which can be defined as
〈V (p2, ϵ2)|V µ −Aµ|D(s)(p1)〉
=
ϵ∗2α
M1 +M2
[
− gµαP · qA0(q2) + PµPαA+(q2)
+qµPαA−(q2) + iεµαPqV (q2)
]
, (5)
where we have used the short notation εµαPq≡εµανβPνqβ .
It is worth noting that ϵ∗2 · p2 = 0, and the mesons are on
shell: p21 = m2D(s) ≡ M21 , p22 = m2P,V ≡ M22 . The vector
current V µ contributes to the form factor V (q2), while the
axial-vector current Aµ contributes to A±,0(q2).
There exists another way to define the form factors,
which is more common in the literature, proposed by
Bauer, Stech, and Wirbel (BSW) [17]:
〈P (p2)|V µ|D(s)(p1)〉 = F1(q2)
(
Pµ − M
2
1 −M22
q2
qµ
)
+ F0(q
2)
M21 −M22
q2
qµ, (6)
〈V (p2, ϵ2)|V µ −Aµ|D(s)(p1)〉
= −(M1 +M2)ϵ∗µ2 A1(q2) +
ϵ∗2 · q
M1 +M2
PµA2(q
2)
+ 2M2
ϵ∗2 · q
q2
qµ
[
A3(q
2)−A0(q2)
]
+
2iεµϵ∗2p2p1
M1 +M2
V (q2),
(7)
where A3(q2) is the abbreviation for
A3(q
2) =
M1 +M2
2M2
A1(q
2)− M1 −M2
2M2
A2(q
2). (8)
The BSW form factors satisfy the constraints F0(0) =
F1(0) and A0(0) = A3(0), so there is no singularity at
q2 = 0. The form factors F0(q2) and F1(q2) can be asso-
ciated with the exchange of particles with quantum num-
bers JP = 0+ and JP = 1−. The form factors A1,2(q2)
and V (q2) are associated with JP = 1+ and JP = 1−, re-
spectively [3, 17]. The relations between our form factors
defined in Eqs. (4, 5) and the BSW form factors read
ABSW0 (q
2) =
M1 −M2
2M2
[
Aour0 (q
2)−A+(q2)
− q
2
M21 −M22
A−(q2)
]
,
A1(q
2) =
M1 −M2
M1 +M2
Aour0 (q
2),
F0(q
2) = F+(q
2) +
q2
M21 −M22
F−(q2),
A2(q
2) = A+(q
2), V BSW(q2) = V our(q2),
F1(q
2) = F+(q
2). (9)
In semileptonic decays of D and Ds mesons, the tau
mode is kinematically forbidden. For the light lepton
modes, the limit of zero lepton mass is often used. In this
limit, the terms in the hadronic matrix elements that are
proportional to qµ do not contribute to the decay rates
since qµLµ = 0 as mℓ → 0. Therefore, in the literature,
more focus is on the form factors F+(q2), A1(q2), A2(q2),
and V (q2). For the D(s) → P transitions, the normaliza-
tion of the form factor F+(q2) at maximum recoil (q2 = 0)
has been studied extensively. Regarding the D(s) → V
transitions, since the form factor A1(q2) appears in all he-
licity amplitudes (see Section 3), it is usually factored out
by defining the following ratios at maximum recoil
r2 =
A2(q
2 = 0)
A1(q2 = 0)
, rV =
V (q2 = 0)
A1(q2 = 0)
. (10)
From the experimental point of view, these ratios can be
obtained without any assumption about the total decay
rates or the CKM matrix elements.
Before moving to the next section, it is worth discussing
several parametrizations of the form factors that are com-
monly used in the literature. There are two essential fea-
tures one wishes to know about a form factor Fi(q2): its
normalization, usually at q2 = 0, and its shape. The sec-
ond becomes more important when the available kinemati-
cal range is large, since most of the theoretical calculations
are best applicable only for a typically limited q2 region.
For example, LQCD works best at large q2, while QCDSR
— at small q2. The knowledge of the form factor’s shape
is then used to extrapolate the results to the rest q2 range
where direct calculation is less reliable. The lack of this
knowledge leads to the main source of uncertainties when
extracting the CKM matrix elements from experimental
data on exclusive semileptonic decays. There is no QCD-
based theory yet that can fully describe the complexity of
strong interaction dynamics encoded in the hadronic form
factors. However, several constraints on the behavior of
the form factors can be obtained by using kinematic and
dispersion relations, and by assuming some limits, such as
the heavy quark limit and the large energy effective theory
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limit. For a detailed review on this subject, we refer the
reader to [18] and references therein. For a more recent
review, see Appendix A.5 of [19].
In early studies of beauty and charm semileptonic de-
cays, the functional form of form factors were usually as-
sumed to obey the simple pole model (also known as the
nearest pole dominance)
Fi(q
2) =
Fi(0)
1− q2/m2pole
, (11)
which is based on the vector-dominance physical picture
of the decays. The pole mass mpole is the mass of the
lowest-lying vector meson that has the appropriate quan-
tum numbers dictated by the corresponding hadronic cur-
rent. For example, mpole = mD∗+s for D0 → K−ℓ+ν, and
mpole = mD∗+ for D0 → pi−ℓ+ν. It soon became clear
that this model was an oversimplification of the real dy-
namics: fitting to experimental data yields “non-physical”
values of the pole mass. Also, when the kinematical range
is large, two free parameters (Fi(0) and mpole) are not
enough to accommodate experimental data well.
In order to introduce a parametrization that fits data
and, at the same time, has some physical meaning, Be-
cirevic and Kaidalov [20] came up with the modified pole
model
Fi(q
2) =
Fi(0)
(1− q2/m2pole)(1− α q2/m2pole)
, (12)
wherempole is usually fixed to the physical value explained
above, and α is a free parameter that takes into account
contributions from higher states in the form of an addi-
tional effective pole. This ansatz has been widely used in
lattice calculations and experimental studies of semilep-
tonic form factors due to its elasticity for data fitting and
the ability to satisfy several constraints on the form fac-
tors. The modified pole model, however, faced the same
difficulty as the single pole model did, when applied to a
large variety of decays. While it still can be used to fit
experimental data, the motivation for such simplification,
which was originally proposed for beauty decays, turned
out not quite valid for charm decays [18, 21].
A more systematic and model-independent paramet-
rization of semileptonic form factors has been developed
by several groups based on rather general properties of the
form factors including QCD dispersion relations and ana-
lyticity (see e.g., [22–28]). In particular, this parametriza-
tion provides better control of theoretical uncertainties
in lattice calculations. The basic idea is to perform an
analytic continuation of the form factors into the com-
plex t ≡ q2 plane. The physical semileptonic region is
then given by m2ℓ ≤ t ≤ t−, with t− = (M1 − M2)2.
A generic form factor contains poles and a branch cut
[t+,∞) along the real axis, where t+ = (M1+M2)2 is the
pair-production threshold. One then (effectively) “factors
out” the poles, and expands the rest of the form factor
into a series around some kinetic point t0. In order for the
series to converge efficiently, the expansion is done with
respect to a new variable z(t, t0), which is a kinematic
function of t defined by
z(t, t0) =
√
t+ − t−√t+ − t0√
t+ − t+√t+ − t0 . (13)
This conformal transformation maps the branching cut
onto the unit z circle, and the rest of the complex t
plane onto the open unit z disk. The kinematic point
t0 is abitrary (t0 < t+) and corresponds to z = 0.
The “default” choice is a rather intermediate value, t0 =
t+(1−
√
1− t−/t+), which helps minimize the expansion
parameter |z|max.
The parametrization is often referred to as “z-
expansion” or “z-parametrization” and has the form
Fi(t) =
1
P (t)φ(t, t0)
K∑
k=0
ak(t0)[z(t, t0)]
k, (14)
where the so-called Blaschke factor P (t) accommodates
the resonances below the pair-production threshold t+,
the so-called outer function φ(t, t0) is an abitrary func-
tion analytic outside of the cut, which is perturbatively
calculable and does not affect physical observables, and
ak(t0) are the expansion coefficients to be determined. The
Blaschke factor is used to remove sub-threshold poles, for
instance, P (t) = 1 for D → pi, and P (t) = z(t,m2D∗s ) for
D → K. The outer function is chosen in such a way to
provide a bound on the expansion coefficients. The typ-
ical bound is the unitarity condition ∑Kk=0 a2k ≤ 1 for
any K, which implies that the exclusive production rate
of M1M2 states induced by the given current must not
exceed the inclusive one. This bound corresponds to the
following standard choice of the outer function for the F+
form factor
φ(t, t0) = β(
√
t+ − t+
√
t+ − t0) (
√
t+ − t+√t+ − t−)3/2
(
√
t+ − t+√t+)5
t+ − t
(t+ − t0)1/4 , (15)
where the parameter β is calculated by using operator
product expansion techniques, which at leading order
yields β =
√
pim2c/3 for charm decays. The outer func-
tion for other form factors can be found in Ref. [26].
The z-expansion using the outer function in Eq. (15)
is often referred to as the Boyd–Grinstein–Lebed
parametrization. An alternative choice of the outer func-
tion was proposed by Bourrely, Caprini, and Lellouch in
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Ref. [29], which results in a simple parametrization that
combines the pole factorization and the z-expansion as
follows:
Fi(t) =
1
1− t/m2pole
K∑
k=0
bk(t0)[z(t, t0)]
k. (16)
One of the advantages of this parametrization is the sim-
plicity to translate the near-threshold behavior of the form
factors into a useful constraint on the expansion coeffi-
cients. For the form factor F+, the asymptotic behavior
ImF+(t) ∼ (t − t+)3/2 near t+ is imposed to obtain the
final constrained form for the parametrization
F+(t) =
1
1− t/m2pole
K−1∑
k=0
bk
[
zk−(−1)k−K k
K
zK
]
. (17)
3 Helicity amplitudes and decay distribution
Let us first consider the twofold differential decay distri-
bution in terms of q2 and the polar angle θ. The polar
angle θ is defined in the rest frame of the W ∗ as the angle
between the momentum of the final charged lepton and
the direction opposite to the daughter meson’s momen-
tum (see Fig. 2). One has
d2Γ
dq2d cos θ =
|p2|
(2pi)332M21
(
1− m
2
ℓ
q2
)
·
∑
pol
|M|2
=
G2F |Vcq|2
(2pi)3
|p2|
64M21
(
1− m
2
ℓ
q2
)
HµνLµν , (18)
where |p2| = λ1/2(m21,m22, q2)/2m1 is the momentum
of the daughter meson in the D(s) rest frame, with
λ(x, y, z) ≡ x2 + y2 + z2 − 2(xy + yz + zx) being the
Källén function.
Fig. 2 Definition of the angles θ, θ∗, and χ in the cascade
decay D0 → K∗−(→ K0pi−)ℓ+νℓ. The polar angles θ and θ∗
are defined in the rest frames of the W ∗ and the K∗, respec-
tively. χ is the azimuthal angle between the two decay planes.
The hadronic tensor is given by
Hµν =
∑
pol
〈X|V µ −Aµ|D(s)〉 · 〈X|V ν −Aν |D(s)〉†
=

HµH
†
ν for D(s) → P
TµαT
†
νβ
(
− gαβ + p
α
2 p
β
2
M22
)
for D(s) → V
,
(19)
where the tensor Tµα is defined by the relation Hµ =
ϵ∗α2 Tµα. One can easily obtain the explicit expression for
Tµα by comparing this relation with Eqs. (3) and (5).
The unpolarized leptonic tensor for the processW ∗+ →
ℓ+νℓ (W
∗− → ℓ−ν¯ℓ) is given by
Lµν =
{
tr [(̸k1 +mℓ)Oµ ̸k2Oν ] for W ∗− → ℓ−ν¯ℓ
tr [(̸k1 −mℓ)Oν ̸k2Oµ] for W ∗+ → ℓ+νℓ
= 8
(
kµ1 k
ν
2+k
ν
1k
µ
2−k1 · k2gµν±iεµναβk1αk2β
)
, (20)
where Oµ = γµ(1 − γ5), and k1 (k2) is the momentum of
the charged lepton (neutrino). The upper/lower sign refers
to the two (ℓ−ν¯ℓ)/(ℓ+νℓ) configurations. The sign change
results from the parity violating part of the leptonic ten-
sor. In our case we have to use the lower sign in Eq. (20).
We use the following convention for the γ5 matrix and the
Levi-Civita tensor in Minkowski space:
γ0 =
(
I 0
0 −I
)
, γk =
(
0 σk
−σk 0
)
,
γ5 = γ5 = iγ0γ1γ2γ3 =
(
0 I
I 0
)
,
tr
(
γ5γ
µγνγαγβ
)
=4iεµναβ , tr (γ5γµγνγαγβ)=4iεµναβ ,
ε0123 = −ε0123 = +1. (21)
The Lorentz contraction in Eq. (18) can be evaluated
in terms of the so-called helicity amplitudes as described
in Refs. [30–34]. First, one defines an orthonormal and
complete helicity basis ϵµ(λW ) with three spin-1 com-
ponents orthogonal to the momentum transfer qµ, i.e.,
ϵµ(λW )qµ = 0, for λW = ±, 0, and one spin-0 (time) com-
ponent λW = t with ϵµ(t) = qµ/
√
q2. The orthonormality
and completeness relations read
ϵ∗µ(m)ϵ
µ(n) = gmn (orthonormality),
ϵµ(m)ϵ
∗
ν(n)gmn = gµν (completeness), (22)
with m,n = t,±, 0 and gmn = diag(+,−,−,−).
With the help of the completeness relation one then
rewrites the contraction of the leptonic and hadronic ten-
sors in Eq. (18) as follows:
LµνHµν = Lµ′ν′ϵ
µ′(m)ϵ∗µ(m′)gmm′ϵ∗ν
′
(n)ϵν(n′)gnn′Hµν
= L(m,n)gmm′gnn′H(m
′, n′), (23)
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where L(m,n) and H(m,n) are the leptonic and hadronic
tensors in the helicity-component space. One has
L(m,n) = ϵµ(m)ϵ∗ν(n)Lµν ,
H(m,n) = ϵ∗µ(m)ϵν(n)Hµν . (24)
The point is that the two tensors can now be evaluated in
two different Lorentz frames. The leptonic tensor L(m,n)
will be evaluated in the W ∗ rest frame while the hadronic
tensor H(m,n) — in the D(s) rest frame.
In order to express the helicity-components of the
hadronic tensor H(m,n) through the invariant form fac-
tors given in Eqs. (4) and (5), one has to define the po-
larization vector ϵ(λW ) explicitly. In the D(s) rest frame,
the momenta and polarization vectors can be written as
pµ1 =(M1, 0, 0, 0), ϵ
µ(t)=
1√
q2
(q0, 0, 0, |p2|),
pµ2 =(E2, 0, 0,−|p2|), ϵµ(±)=
1√
2
(0,∓1,−i, 0),
qµ=(q0, 0, 0,+|p2|), ϵµ(0)= 1√
q2
(|p2|, 0, 0, q0), (25)
where E2 = (M21 +M22 − q2)/2M1 and q0 = (M21 −M22 +
q2)/(2M1).
For the D(s) → P transition one has
H(m,n) =
[
ϵ∗µ(m)Hµ
] · [ϵ∗ν(n)Hν]† ≡ HmH†n. (26)
The helicity amplitudes Hm are written in terms of the
invariant form factors as follows:
Ht=
1√
q2
(PqF+ + q
2F−), H±=0, H0=
2M1|p2|√
q2
F+.
(27)
It should be noted that Ht = H0 at maximum recoil (q2 =
0), and H0 = 0 at zero recoil (q2 = q2max).
For the D(s) → V transition, in addition to the W ∗ po-
larization vector ϵ(λW ), one needs the explicit represen-
tation of the polarization vector ϵ2(λV ) of the daughter
vector meson. In the D(s) rest frame, the helicity compo-
nents of the vector ϵ2(λV ) read
ϵµ2 (±)=
1√
2
(0,±1,−i, 0), ϵµ2 (0)=
1
M2
(|p2|, 0, 0,−E2).
(28)
The hadronic tensor for the D(s) → V transition is then
rewritten in terms of the corresponding helicity ampli-
tudes as follows:
H(m,n) = ϵ∗µ(m)ϵν(n)Hµν
= ϵ∗µ(m)ϵν(n)Tµαϵ∗α2 (r)ϵ
β
2 (s)δrsT
†
βν
= ϵ∗µ(m)ϵ∗α2 (r)Tµα ·
[
ϵ∗ν(n)ϵ∗β2 (s)Tνβ
]†
δrs
≡ HmrH†nr. (29)
Angular momentum conservation dictates that r = m
and s = n for m,n = ±, 0, and r, s = 0 for m,n = t. One
then obtains the following non-zero helicity amplitudes
Ht ≡ Ht0 = ϵ∗µ(t)ϵ∗α2 (0)Tµα =
M1|p2|
M2(M1 +M2)
√
q2
[
P · q(−A0 +A+) + q2A−
]
,
H± ≡ H±± = ϵ∗µ(±)ϵ∗α2 (±)Tµα =
−P · qA0 ± 2M1|p2|V
M1 +M2
,
H0 ≡ H00 = ϵ∗µ(0)ϵ∗α2 (0)Tµα =
−P · q(M21 −M22 − q2)A0 + 4M21 |p2|2A+
2M2(M1 +M2)
√
q2
. (30)
Note that the helicity amplitudes satisfy the zero-recoil
relations Ht = 0 and H± = H0. Also, at maximum recoil
(q2 = 0), the dominating helicity amplitudes are Ht and
H0, and Ht(0) = H0(0).
We are done with the hadronic tensor H(m,n). Let us
now turn to the leptonic tensor L(m,n), which is evalu-
ated in the W ∗ rest frame, where the charged lepton and
the neutrino are back-to-back, i.e., k1 + k2 = 0. Again,
one needs explicit expressions for the momenta and polar-
ization vectors in this frame. One has
qµ = (
√
q2, 0, 0, 0),
kµ1 = (E1, |k1| sin θ cosχ, |k1| sin θ sinχ, |k1| cos θ),
kµ2 = (|k1|,−|k1| sin θ cosχ,−|k1| sin θ sinχ,−|k1| cos θ),
(31)
with E1 = (q2+m2ℓ)/(2
√
q2) and |k1| = (q2−m2ℓ)/(2
√
q2)
being the energy and three-momentum of the charged lep-
ton in theW ∗ rest frame. The azimuthal angle χ is defined
in Fig. 2. Here we have chosen a right-handed (x, y, z) co-
ordinate system such that the z axis is the direction of
the W ∗ in the parent rest frame, and the momentum of
ℓ+ lies in the (xz) plane. The longitudinal, transverse, and
time helicity-component of the polarization vector ϵ(λW )
in the W ∗ rest frame are given by
ϵµ(0) = (0, 0, 0, 1), ϵµ(±) = 1√
2
(0,∓1,−i, 0),
ϵ(t) = (1, 0, 0, 0). (32)
One obtains [the matrix columns and rows are ordered in
the sequence (t,+, 0,−)]
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(2q2v)−1L(m,n)(θ, χ) =

0 0 0 0
0 (1∓ cos θ)2 ∓ 2√
2
(1∓ cos θ) sin θeiχ sin2 θe2iχ
0 ∓ 2√
2
(1∓ cos θ) sin θe−iχ 2 sin2 θ ∓ 2√
2
(1± cos θ) sin θeiχ
0 sin2 θe−2iχ ∓ 2√
2
(1± cos θ) sin θe−iχ (1± cos θ)2

+δℓ

4 − 4√
2
sin θeiχ 4 cos θ 4√
2
sin θeiχ
− 4√
2
sin θeiχ 2 sin2 θ − 2√
2
sin 2θeiχ −2 sin2 θe2iχ
4 cos θ − 2√
2
sin 2θe−iχ 4 cos2 θ 2√
2
sin 2θeiχ
4√
2
sin θe−iχ −2 sin2 θe−2iχ 2√
2
sin 2θe−iχ 2 sin2 θ

, (33)
where we have introduced the velocity-type parameter v ≡ 1−m2ℓ/q2 and the helicity-flip factor δℓ ≡ m2ℓ/(2q2). The
upper/lower signs in the nonflip part of Eq. (33) stand for the two configurations (ℓ−ν¯ℓ)/(ℓ+νℓ).
In order to obtain the polar angle distribution, one integrates Eq. (33) over the azimuthal angle χ as follows:
L(m,n)(θ) =
∫ d(χ/2pi)L(m,n)(θ, χ). The integration yields
(2q2v)−1L(m,n)(θ) =

0 0 0 0
0 (1∓ cos θ)2 0 0
0 0 2 sin2 θ 0
0 0 0 (1± cos θ)2
+ δℓ

4 0 4 cos θ 0
0 2 sin2 θ 0 0
4 cos θ 0 4 cos2 θ 0
0 0 0 2 sin2 θ
 . (34)
Finally, the differential decay distribution over q2 and cos θ reads
dΓ(D(s) → Xℓ+νℓ)
dq2d(cos θ) =
G2F |Vcq|2|p2|q2v2
32(2pi)3M21
[
(1 + cos2 θ)HU + 2 sin2 θHL + 2 cos θHP
+2 δℓ
(
sin2 θHU + 2 cos2 θHL + 2HS − 4 cos θHSL
) ]
, (35)
where Hi’s are bilinear combinations of the helicity am-
plitudes whose definitions are given in Table 1. Note
the zero-recoil relations 2HU = HL = HT = HI
and HP = HA = HS = HSA = HST = HS =
0. Similar relations hold for the imaginary parts. At
maximum recoil, the dominating helicity structure func-
tions are HL, HS , and HSL, and HL(0) = HS(0) =
HSL(0).
Integrating Eq. (35) over cos θ, one obtains the differ-
ential decay distribution over q2
dΓ(D(s) → Xℓ+νℓ)
dq2 =
G2F |Vcq|2|p2|q2v2
12(2pi)3M21
×
[
HU +HL + δℓ(HU +HL + 3HS)
]
. (36)
4 Fourfold distribution and physical
observables
The tensor contraction LµνHµν reveals more fruitful
structures and physical properties when one considers the
cascade decaysD(s) → V (→ P1P2)ℓ+νℓ. In particular, one
can study the polarization of the V meson. As an exam-
ple, we consider the decay D0 → K∗−(→ K0pi−)ℓ+νℓ, the
kinematics of which is depicted in Fig. 2.
In the narrow-width approximation, the hadronic tensor
reads
Hµν = Tµα(Tνβ)
† 3
2|p3|B(K
∗ → K0pi)
·p3α′p3β′Sαα′(p2)Sββ′(p2), (37)
64401-7 M. A. Ivanov, et al., Front. Phys. 14(6), 64401 (2019)
Review article
Table 1 Definition of helicity structure functions and
their parity properties. The indices stand for Unpolarized-
transverse (U), Parity-odd (P ), Transverse-interference (T ),
Longitudinal (L), transverse-longitudinal Interference (I),
Scalar (S), Scalar-Transverse interference (ST ), Scalar-
Longitudinal interference (SL), parity-Asymmetric (A), and
Scalar-Asymmetric interference (SA).
Parity-conserving Parity-violating
HU = |H+|2 + |H−|2 HP = |H+|2 − |H−|2
HL = |H0|2 HA= 1
2
Re(H+H†0−H−H†0)
HT = Re(H+H†−) HIA=
1
2
Im(H+H†0−H−H†0)
HIT = Im(H+H†−) HSA=
1
2
Re(H+H†t −H−H†t )
HI = 1
2
Re(H+H†0 +H−H
†
0) HISA=
1
2
Im(H+H†t −H−H†t )
HII = 1
2
Im(H+H†0 +H−H
†
0)
HS = |Ht|2
HST = 1
2
Re(H+H†t +H−H†t )
HIST = 1
2
Im(H+H†t +H−H†t )
HSL = Re(H0H†t )
HISL = Im(H0H†t )
Htot=HU+HL+δℓ(HU+HL+3HS)
where Sαα′(p2) = −gαα′+pα2 pα
′
2 /M
2
2 is the standard spin-
1 tensor, and p3 and p4 are the momenta of the K0 and
pi mesons, respectively. One has p2 = p3 + p4, p23 = M23 ,
p24 = M
2
4 , and |p3| = λ1/2(M22 ,M23 ,M24 )/(2M2) is the
three-momentum of the K0 meson in the K∗ rest frame.
One needs explicit representations for the momenta and
polarization vectors in the K∗ rest frame. These vectors
are given by
pµ2 = (M2, 0, 0, 0), ϵ
µ
2 (+) =
1√
2
(0,+1,−i, 0),
pµ3 = (E3,+|p3| sin θ∗, 0,−|p3| cos θ∗),
ϵµ2 (−) =
1√
2
(0,−1,−i, 0),
pµ4 = (E4,−|p3| sin θ∗, 0,+|p3| cos θ∗),
ϵµ2 (0) = (0, 0, 0,−1), (38)
where we have set the azimuthal angle χ∗ of the (K0, pi)-
plane to zero without loss of generality.
The spin 1 tensor Sαα′(p2) is then written as
Sαα
′
(p2) = −gαα′ + p
α
2 p
α′
2
M22
=
∑
m=±,0
ϵα2 (m)ϵ
∗α′
2 (m). (39)
Using the same technique as in Eq. (23) one can rewrite
the contraction of the leptonic and hadronic tensors in
terms of the helicity components.
Finally, one obtains the fourfold decay distribution as
follows:
dΓ(D0 → K∗−(→ K0pi−)ℓ+νℓ)
dq2 d cos θ d(χ/2pi)d cos θ∗ =
G2F |Vcs|2|p2|q2v2
12(2pi)3M21
B(K∗ → K0pi)W (θ∗, θ, χ), (40)
where
W (θ∗, θ, χ) =
9
32
(1 + cos2 θ) sin2 θ∗HU + 9
8
sin2 θ cos2 θ∗HL ∓ 9
16
cos θ sin2 θ∗HP
− 9
16
sin2 θ sin2 θ∗ cos 2χHT ∓ 9
8
sin θ sin 2θ∗ cosχHA
+
9
16
sin 2θ sin 2θ∗ cosχHI ± 9
8
sin θ sin 2θ∗ sinχHII
− 9
16
sin 2θ sin 2θ∗ sinχHIA + 9
16
sin2 θ sin2 θ∗ sin 2χHIT
+δℓ
[
9
4
cos2 θ∗HS − 9
2
cos θ cos2 θ∗HSL + 9
4
cos2 θ cos2 θ∗HL
+
9
16
sin2 θ sin2 θ∗HU + 9
8
sin2 θ sin2 θ∗ cos 2χHT
+
9
4
sin θ sin 2θ∗ cosχHST − 9
8
sin 2θ sin 2θ∗ cosχHI
−9
4
sin θ sin 2θ∗ sinχHISA + 9
8
sin 2θ sin 2θ∗ sinχHIA
−9
8
sin2 θ sin2 θ∗ sin 2χHIT
]
. (41)
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The upper/lower signs in the nonflip part of Eq. (41) cor-
respond to the two configurations (ℓ−ν¯ℓ)/(ℓ+νℓ). In this
case, one uses the lower signs. In these decay, CP sym-
metry is conserved and there are no final-state strong in-
teraction effects. As a result, one may assume that all
helicity amplitudes are real, which implies the vanishing
of all terms proportional to sinχ and sin 2χ. The deriva-
tion of the fourfold distribution can also be done by using
the Wigner d-function (see e.g., [35]).
The fourfold distribution allows one to define a num-
ber of physical observables which can be measured ex-
perimentally. We first define a normalized angular decay
distribution W˜ (θ∗, θ, χ) through
W˜ (θ∗, θ, χ) =
W (θ∗, θ, χ)
Htot . (42)
Integration of W˜ (θ∗, θ, χ) over cos θ∗, cos θ, and χ/(2pi)
gives 1.
By integrating Eq. (41) over cos θ∗ and χ one obtains
the twofold (q2, cos θ) distribution given in Eq. (35). The
normalized θ distribution is described by a tilted parabola
W˜ (θ) =
a+ b cos θ + c cos2 θ
2(a+ c/3)
. (43)
The linear coefficient b/2(a + c/3) in Eq. (43) can be ex-
tracted by defining a forward-backward asymmetry as fol-
lows:
AFB(q2) = dΓ(F )− dΓ(B)dΓ(F ) + dΓ(B)
=
∫ 1
0
d cos θdΓ/d cos θ − ∫ 0−1 d cos θdΓ/d cos θ∫ 1
0
d cos θdΓ/d cos θ + ∫ 0−1 d cos θdΓ/d cos θ
=
b
2(a+ c/3)
=
3
4
HP − 4δℓHSL
Htot . (44)
The quadratic coefficient c/[2(a+ c/3)] in Eq. (43) is ex-
tracted by taking the second derivative of W˜ (θ). We there-
fore define a lepton-side convexity parameter by
CℓF (q
2) =
d2W˜ (θ)
d(cos θ)2 =
c
a+ c/3
=
3
4
(1− 2δℓ)HU − 2HLHtot .
(45)
It is worth noting that in the D(s) → V decays, the
forward-backward asymmetry receives contributions from
a purely parity-violating source originated by the V A in-
teraction (results in HP ), and a parity-conserving source
by the V V and AA interactions (results in HSL). The
parity-conserving parity-odd contributionHSL arises from
the interference of the (0+; 1−) and (0−; 1+) components
of the V V and AA current products, respectively. In the
case of D(s) → P , the forward-backward asymmetry arises
solely from the (0+; 1−) interference term of the V V cur-
rent product.
By integrating the fourfold distribution over cos θ and
χ one obtains the angular distribution over the angle
θ∗ whose normalized form is described by an untilted
parabola (without a linear term)
W˜ (θ∗) =
a′ + c′ cos2 θ∗
2(a′ + c′/3)
. (46)
The cos θ∗ distribution can therefore be characterized by
a hadron-side convexity parameter defined by
ChF (q
2) =
d2W˜ (θ∗)
d(cos θ∗)2 =
c′
a′ + c′/3
= −3
2
HU − 2HL + δℓ(HU − 2HL − 6HS)
Htot . (47)
There is another way to extract information from the
cos θ∗ distribution. To do this one writes the distribution
as
W˜ (θ∗) =
3
4
[
2FL(q
2) cos2 θ∗ + FT (q2) sin2 θ∗
]
, (48)
where FL(q2) and FT (q2) are the longitudinal and trans-
verse polarization fractions of theK∗ meson, and are given
by
FL(q
2) =
HL + δℓ(HL + 3HS)
Htot ,
FT (q
2) =
(1 + δℓ)HU
Htot , FL(q
2) + FT (q
2) = 1. (49)
The hadron-side convexity parameter and the polarization
fractions of the K∗ meson are related by
ChF (q
2) =
3
2
[
2FL(q
2)− FT (q2)
]
=
3
2
[
3FL(q
2)− 1] .
(50)
The remaining coefficient functions HT (1−2δℓ), HI(1−
2δℓ), and (HA + 2δℓHST ) in Eq. (41) can be projected
out by calculating the appropriate trigonometric moments
of the normalized decay distribution W˜ (θ∗, θ, χ). The
trigonometric moments are written as
Wi =
∫
d cos θd cos θ∗d(χ/2pi)Mi(θ∗, θ, χ)W˜ (θ∗, θ, χ)
≡ 〈Mi(θ∗, θ, χ)〉 , (51)
where Mi(θ∗, θ, χ) defines the trigonometric moment that
is being taken. One finds
WT (q
2) ≡ 〈cos 2χ〉 = −1− 2δℓ
2
HT
Htot ,
WI(q
2) ≡ 〈cos θ cos θ∗ cosχ〉 = 9pi
2(1− 2δℓ)
512
HI
Htot ,
WA(q
2) ≡ 〈sin θ cos θ∗ cosχ〉 = 3pi
16
HA + 2δℓHST
Htot . (52)
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The coefficient functions HT (1 − 2δℓ), HI(1 − 2δℓ), and
(HA+2δℓHST ) can also be projected out by taking piece-
wise sums and differences of different sectors of the angu-
lar phase space [31].
Finally, we consider the longitudinal and transverse po-
larizations of the final charged lepton. One obtains the
polarizations of the lepton by leaving the helicities λℓ of
the lepton unsummed. The longitudinal polarization can
be obtained directly from the difference between the he-
licity flip (hf) and nonflip (nf) structures as follows:
P ℓL(q
2) =
Hnf − δℓHhf
Hnf + δℓHhf
=
HU +HL − δℓ(HU +HL + 3HS)
Htot . (53)
The transverse polarization can be calculated using the
representation of the polarized lepton tensor given in the
Appendix of [35]. One obtains
P ℓT (q
2) = −3pi
√
δℓ
4
√
2
HP + 2HSL
Htot . (54)
For the decaysD(s) → Pℓ+νℓ there exists a simple relation
between P ℓT (q2) and AFB(q2) which reads
P ℓT (q
2) =
pi
√
q2
2mℓ
AFB(q
2). (55)
It should be noted that the the lepton polarization de-
pends on the frame in which it is defined. The longi-
tudinal and transverse polarizations in (53) and (54) are
calculated in the W ∗+ rest frame.
5 Form factors in the covariant confining quark
model
The theoretical description of the D(s) semileptonic de-
cays that we have provided so far is model independent.
Let us now turn to the calculation of the form factors,
which depends on the nonperturbative method being ap-
plied. From the theoretical point of view, the calculation
of hadronic form factors is the most difficult part in under-
standing semileptonic decays. Among various approaches,
lattice QCD (LQCD) provides predictions with high accu-
racy and well controlled uncertainty. Therefore, LQCD re-
sults are often used for the extraction of the CKM matrix
elements from experiments. However, since this approach
requires extremely large computational sources, most of
LQCD studies have been focusing on the key channels
D → pi(K) (for reviews, see e.g., [11, 19]).
Several D(s) semileptonic decay form factors have been
calculated using QCD sum rules (QCDSR) [36–39] and
QCD light-cone sum rules (LCSR) [40–45]. Most of these
studies focused on the channels D → pi(K) and D(s) →
η(′). In Ref. [46], the authors used LCSR in the context of
heavy quark effective theory to calculate the form factors
of D(s) semileptonic transitions to pi, K(∗), η, ρ, ω, and
φ. In the sum rules approach, the form factors are calcu-
lated for a limited kinematic region at small q2. The values
of the form factors at high q2 are obtained by doing ex-
trapolation, assuming a certain form factor behavior. This
makes the predictions for the high-q2 region less reliable,
especially when the available kinematical range is large.
Semileptonic D(s) form factors have been studied exten-
sively in the framework of various phenomenological quark
models. We mention here the Isgur–Scora–Grinstein–Wise
(ISGW) model [47] and its updated version ISGW2 [48],
the relativistic quark model using a quasipotential ap-
proach [49], the chiral quark model [50], the constituent
quark model (CQM) [51], the model combining heavy me-
son and chiral symmetries (HMχT) [52, 53], and the light-
front quark model (LFQM) [54–56]. Several semileptonic
D(s) decays were also studied in the large energy effective
theory [57], chiral perturbation theory [58], the so-called
chiral unitary approach (χUA) [59], and a new approach
assuming pure heavy quark symmetry [60]. Recently, a
simple expression for D → K semileptonic form factors
was studied in Ref. [61]. We also mention here early at-
tempts to account for flavor symmetry breaking in pseu-
doscalar meson decay constants by the authors of [62, 63].
It is worth noting that each method has only a limited
range of applicability, and their combination will give a
better picture of the underlined physics [51].
An alternative quark-model approach to the study of
semileptonic D(s) form factors has been carried out re-
cently by us in the framework of the covariant confining
quark model [15, 16]. The CCQM is an effective quantum
field approach to the calculation of hadronic transitions
[64–66]. The key assumption is that hadrons interact via
the exchange of constituent quarks. This is realized by us-
ing a relativistic invariant Lagrangian describing the cou-
pling of a hadron to its constituent quarks, the coupling
strength of which is determined by the so-called compos-
iteness condition ZH = 0 [67, 68], where ZH is the wave
function renormalization constant of the hadron H. To
better understand the physical meaning of this condition,
one should note that Z1/2H is the matrix element between
a physical bound state and the corresponding bare state.
The ZH = 0 condition ensures the absence of any bare
state in the physical state and, therefore, provides an ef-
fective description of a bound state. It also helps avoid
double counting of hadronic degrees of freedom.
Starting with the effective Lagrangian written in terms
of constituent quark and hadron quantum fields, one uses
Feynman rules to evaluate quark diagrams describing the
matrix elements of hadronic transitions. This approach
is self-consistent and the calculation of form factors is
straightforward. The model requires a small number of
free parameters including the constituent quark masses,
the effective size parameters of hadrons, and a universal
infrared cutoff parameter. Notably, in the CCQM, all form
factors are obtained in the whole kinematical range with-
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out using any extrapolation. Also, the model allows the
study of multiquark states in a consistent manner. The
CCQM has been successfully applied to a large number
of studies involving mesons [69–73], baryons [74–77], and
multiquark states [78–81]. More detailed descriptions of
the CCQM can be found in these references. In what fol-
lows we just mention some main features of the model for
completeness.
For a meson M , the effective Lagrangian describing the
quark–hadron interaction is written as
Lint=gMM(x)
∫
dx1dx2FM(x;x1, x2)q¯2(x2)ΓMq1(x1)+H.c.,
(56)
where gM is the coupling strength which is determined by
the compositeness condition mentioned above, and ΓM is
the Dirac matrix containing the meson’s quantum num-
bers: ΓM = γ5 for pseudoscalar mesons, and ΓM = γµ for
vector mesons. Here, FM (x, x1, x2) is the quark-hadron
vertex function which effectively describes the quark dis-
tribution inside the meson and is given by
FM (x, x1, x2) = δ
(4)
(
x−
2∑
i=1
wixi
)
· ΦM
(
(x1 − x2)2
)
,
(57)
where wqi = mqi/(mq1 + mq2) such that w1 + w2 = 1.
The function ΦM must have an appropriate falloff be-
havior in the Euclidean region to guarantee the absense of
Fig. 3 Quark model diagram for the D(s)-meson semilep-
tonic decay.
ultraviolet divergences in the quark loop integrals. In our
previous studies, we have pointed out that the predictions
for physical observables are insensitive to the specific form
of ΦM . We therefore assume the following Gaussian form
for ΦM in the momentum space for simplicity:
Φ˜M (−p2) =
∫
dxeipxΦM (x2) = ep
2/Λ2M , (58)
where ΛM is a model parameter characterizing the finite
size of the meson.
The form factors are calculated by evaluating the one-
loop Feynman diagram shown in Fig. 3. In the CCQM, the
matrix element of the hadronic transition is written as a
convolution of quark propagators and vertex functions as
follows:
〈P (p2)|q¯Oµc|D(s)(p1)〉 = NcgD(s)gP
∫ d4k
(2pi)4i Φ˜D(s)(−(k + w13p1)
2)Φ˜P (−(k + w23p2)2)
×tr[OµS1(k + p1)γ5S3(k)γ5S2(k + p2)], (59)
〈V (p2, ϵ2)|q¯Oµc|D(s)(p1)〉 = NcgD(s)gV
∫ d4k
(2pi)4i Φ˜D(s)(−(k + w13p1)
2)Φ˜V (−(k + w23p2)2)
×tr[OµS1(k + p1)γ5S3(k) ̸ϵ∗2S2(k + p2)], (60)
where Nc = 3 is the number of colors and Oµ is a short
notation for γµ(1−γ5). Here, there are three quarks taking
part in the process. We therefore use the double-subscript
notation wij = mqj/(mqi +mqj ) (i, j = 1, 2, 3) such that
wij + wji = 1. In Fig. 3, one has q1 = c, q2 = d(s),
and q3 = q. We use the Fock–Schwinger representation for
the quark propagators Si, which brings in the integrations
over the Schwinger parameters αi:
Si(k) = (mqi+ ̸k)
∫ ∞
0
dαi exp[−αi(m2qi − k2)]. (61)
It is worth mentioning that all loop integrations are per-
formed in Euclidean space. One uses the Wick rotation to
transform the Minkowski space to the Euclidean space.
Details about the techniques we used for the loop-
integration evaluation can be found in our previous papers
(see e.g., Refs. [66, 82]). By applying these techniques, one
finally obtains the expression for a form factor F in the
form of a threefold integral
F = NcgD(s)g(P,V )
∫ 1/λ2
0
dtt
∫ 1
0
dα1
∫ 1
0
dα2
·δ(1− α1 − α2)f(tα1, tα2), (62)
where f(tα1, tα2) is the resulting integrand for the form
factor F , and λ is the infrared cutoff parameter, which
is introduced to rule out possible thresholds related to
the creation of free quarks. This means the parameter λ
effectively assures the confinement of constituent quarks
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inside hadrons. This method is general and can be applied
for diagrams with an arbitrary number of loops and prop-
agators. In the CCQM, we take λ to be universal for all
physical processes.
The CCQM contains several free parameters which can-
not be obtained from first-principle calculations. These
parameters include the hadron size parameters ΛM , the
constituent quark masses mq, and the universal infrared
cutoff parameter λ. In order to determine their values, we
fit our results for a set of radiative and leptonic decay
constants to experimental data or LQCD [70, 73]. The re-
sults of the fit for those parameters needed in this paper
are listed in Tables 2 and 3. We list also the fit result for
several leptonic decay constants in Table 4. As a byprod-
uct, we include our predictions for theD(s) purely leptonic
decays in Table 5.
Once the model parameters are fixed, the calculation of
the form factors is straightforward. One can use mathe-
matica or fortran code to evaluate the threefold in-
tegral in Eq. (62). It is important to note that in the
CCQM, the form factors are calculable in the entire range
of momentum transfer without using any extrapolation.
For convenience in the calculation of other physical ob-
servables such as the branching fractions, as well as for
easy representation, we choose a double-pole parametriza-
tion to interpolate the calculated values of the form factors
as follows:
F (q2) =
F (0)
1− asˆ+ bsˆ2 , sˆ =
q2
m2D(s)
. (63)
This chosen parametrization works perfectly for all form
factors. The difference between the exact calculated values
and the interpolation curves is less than 1% for any value
of q2.
In Table 6 we present our results for the parameters
F (0), a, and b appearing in the parametrization Eq. (63).
In what follows we will compare our form factors with
other theoretical approaches and available experimental
measurements. For easy comparison, we relate all form
factors to the BSW definition given in Eq. (6).
As a common drawback of phenomenological quark
models, it is difficult to rigorously quantify the theoretical
uncertainty of predictions in the CCQM. In order to esti-
mate the uncertainties of our form factors, we assume that
the main source of uncertainty is the errors of the model
parameters obtained when fitting. These parameters are
determined from a least-squares fit to experimental data
and some lattice results. The errors of the fitted parame-
ters are allowed to be within 10%. We then calculate the
propagation of these errors to the form factors and found
Table 2 Meson size parameters (in GeV).
ΛD ΛDs ΛK ΛK∗ Λφ Λρ Λω Λ
qq¯
η Λ
ss¯
η Λ
qq¯
η′ Λ
ss¯
η′
1.600 1.750 1.014 0.805 0.880 0.610 0.488 0.881 1.973 0.257 2.797
Table 3 Quark masses and infrared cutoff parameter (in GeV).
mu/d ms mc mb λ
0.241 0.428 1.672 5.05 0.181
Table 4 Leptonic decay constants fH (in MeV).
fH CCQM Other Ref. fH CCQM Other Ref.
fDs 257.7 249.0± 1.2 PDG [5] fK 157.0 155.6± 0.4 PDG [5]
fD 206.1 211.9± 1.1 PDG [5] fpi 130.3 130.2± 1.7 PDG [5]
fDs/fD 1.25 1.173± 0.003 PDG [5] fK/fpi 1.20 1.1928± 0.0026 PDG [5]
fD∗ 244.3 223.5± 8.4 LQCD [83] fD∗s 272.1 268.8± 6.6 LQCD [83]
fK∗ 226.8 222± 8 QCDSR [84] fρ 218.3 208.5± 5.5± 0.9 LQCD [85]
fφ 226.6 238± 3 LQCD [86] fω 198.4 194.60± 3.24 LFQM [56]
Table 5 Leptonic D+(s) branching fractions.
Channel CCQM PDG Data [5] Channel CCQM PDG Data [5]
D+ → e+νe 8.42× 10−9 < 8.8× 10−6 D+s → e+νe 1.40× 10−7 < 8.3× 10−5
D+ → µ+νµ 3.57× 10−4 (3.74± 0.17)× 10−4 D+s → µ+νµ 5.97× 10−3 (5.50± 0.23)× 10−3
D+ → τ+ντ 0.95× 10−3 < 1.2× 10−3 D+s → τ+ντ 5.82 % (5.48± 0.23)%
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Table 6 Parameters of the double-pole parametrization Eq. (63) for the form factors.
F F (0) a b F F (0) a b
AD→ρ+ 0.57 0.96 0.15 AD→ρ− −0.74 1.11 0.22
AD→ρ0 1.47 0.47 −0.10 V D→ρ 0.76 1.13 0.23
AD→ω+ 0.55 1.01 0.17 AD→ω− −0.69 1.17 0.26
AD→ω0 1.41 0.53 −0.10 V D→ω 0.72 1.19 0.27
AD→K
∗
+ 0.68 0.86 0.09 AD→K
∗
− −0.90 0.96 0.14
AD→K
∗
0 2.08 0.40 −0.10 V D→K
∗ 0.90 0.97 0.13
ADs→φ+ 0.67 1.06 0.17 ADs→φ− −0.95 1.20 0.26
ADs→φ0 2.13 0.59 −0.12 V Ds→φ 0.91 1.20 0.25
ADs→K
∗
+ 0.57 1.13 0.21 ADs→K
∗
− −0.82 1.32 0.34
ADs→K
∗
0 1.53 0.61 −0.11 V Ds→K
∗ 0.80 1.32 0.33
FD→pi+ 0.63 0.86 0.09 FD→pi− −0.41 0.93 0.13
FD→K+ 0.77 0.73 0.05 FD→K− −0.39 0.78 0.07
FD→η+ 0.36 0.93 0.12 FD→η− −0.20 1.02 0.18
FD→η
′
+ 0.36 1.23 0.23 FD→η
′
− −0.03 2.29 1.71
FD→D
0
+ 0.91 5.88 4.40 FD→D
0
− −0.026 6.32 8.37
|FDs→η+ | 0.49 0.69 0.002 FDs→η− +0.26 0.74 0.008
FDs→η
′
+ 0.59 0.88 0.018 FDs→η
′
− −0.23 0.92 0.009
FDs→K+ 0.60 1.05 0.18 FDs→K− −0.38 1.14 0.24
FDs→D
0
+ 0.92 5.08 2.25 FDs→D
0
− −0.34 6.79 8.91
the uncertainties on the form factors to be of order 10%–
15% at q2 = 0, and 20%–30% at q2max. It should be kept
in mind, however, that this is only a rough estimate.
Finally, it should be mentioned that in this paper, all
physical quantities such as the mass and lifetime of mesons
and leptons, the CKM matrix elements, and other con-
stants are taken from the recent report of the PDG [5]. In
particular, the values |Vcd| = 0.218 and |Vcs| = 0.997 were
used in our calculation of the branching fractions.
6 Results and discussion
6.1 D0 → (pi−,K−)ℓ+νℓ and D+ → (pi0,K0)ℓ+νℓ
The decays D → (pi,K)ℓ+νℓ have been studied exten-
sively, both theoretically and experimentally, as the key
channels for the determination of the CKM matrix ele-
ments |Vcd| and |Vcs|, as well as for the study of heavy-
to-light semileptonic form factors. In particular, the nor-
malization and the shape of the form factors FD→pi+ and
FD→K+ have been studied experimentally by FOCUS [87],
Belle [8], CLEO [10], BABAR [6, 7], and BESIII [9, 88].
In Table 7 we compare the form factors FD→pi+ (0) and
FD→K+ (0) with those obtained in the LCSR, LFQM, and
CQM, and with published LQCD results. One sees that
the predictions are very consistent. In order to have a bet-
ter picture of the form factors in the whole q2 range, we
plot their q2 dependence in Fig. 4, which shows very good
agreement between different approaches in the small-q2
region.
A recent lattice calculation of the D → pi(K)ℓν form
factors was done by the ETM collaboration [89, 94]. In
this work, they also considered an additional tensor form
factor associated with the tensor four-fermion operator
which may appear beyond the SM. The tensor form factor
Table 7 Comparison of F+(0) for D → (pi,K) transitions.
CCQM Other Ref. LQCD Experiment Ref.
D → pi 0.63± 0.09 0.635+0.060−0.057 LCSR [46] 0.612± 0.035 [89] 0.637± 0.009 BESIII [9]
0.66 LFQM [56] 0.666± 0.029 [90]
0.69 CQM [51] 0.64± 0.07 [91]
D → K 0.77± 0.11 0.661+0.067−0.066 LCSR [46] 0.765± 0.031 [89] 0.737± 0.004 BESIII [9]
0.79 LFQM [56] 0.747± 0.019 [92] 0.727± 0.011 BABAR [7]
0.78 CQM [51] 0.73± 0.08 [91] 0.7377± 0.0030 Global fit [93]
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Fig. 4 Form factor F+(q2) for D → (pi,K) in our model, LCSR [46], LFQM [56], and CQM [51].
Fig. 5 D → pi(K)ℓν form factors obtained in our model (solid lines) and in lattice calculation (dots with error bars) by the
ETM collaboration [89, 94].
Table 8 D → pi(K)ℓν form factors and their ratios at q2 = 0.
fDpi+ (0) f
DK
+ (0) f
Dpi
T (0) f
DK
T (0) f
Dpi
T (0)/f
Dpi
+ (0) f
DK
T (0)/f
DK
+ (0)
CCQM 0.63± 0.09 0.78± 0.12 0.53± 0.08 0.70± 0.11 0.84± 0.17 0.90± 0.18
ETM 0.612± 0.035 0.765± 0.031 0.506± 0.079 0.687± 0.054 0.827± 0.114 0.898± 0.050
is defined by [95, 96]
〈P (p2)|q¯σµν(1− γ5)c|D(p1)〉
=
iFT (q2)
M1 +M2
(Pµqν − P νqµ + iεµνPq). (64)
In Fig. 5 we compare the form factors F0(q2), F+(q2), and
FT (q
2) of the D → pi(K)ℓν transitions with the ETM re-
sults. One sees that our F0(q2) agrees with the ETM only
in the low q2 region. However, our F+(q2) is very close to
that of the ETM. Note that we obtained F0(q2) by eval-
uating 〈P (p2)|q¯γµc|D(s)(p1)〉. Meanwhile, the ETM col-
laboration directly calculated the scalar matrix element
〈P (p2)|q¯c|D(p1)〉 and then determined F0(q2) using the
equation of motion. The tensor form factor, which is de-
termined directly from the corresponding matrix element
without any additional assumptions, shows full agreement
between the two studies. The values of the form factors
and their ratios at maximum recoil are also presented in
Table 8 for comparison.
In Table 9 we present theoretical predictions for the
branching fractions of the decays D → (pi,K)ℓ+νℓ to-
gether with latest experimental results. Our predictions
for the decays D → Kℓ+νℓ agree well with experimental
data. For D → piℓ+νℓ, our results are smaller by about
20%.
Several precise tests of isospin invariance and LFU were
carried out by CLEO and BESIII. For this purpose, one
defines the following rate ratios
Iℓpi(K) =
Γ(D0 → pi−(K−)ℓ+νℓ)
Γ(D+ → pi0(K0)ℓ+νℓ) ,
Rpi(K) =
Γ(D → pi(K)µ+νµ)
Γ(D → pi(K)e+νe) . (65)
Isospin invariance predicts Iℓpi = 2 and IℓK = 1, while
LFU expects Rpi(K) ≈ 1. Recently, BESIII [14] provided
new result for B(D0 → pi−µ+νµ) and the first result
for B(D+ → pi0µ+νµ). Combining with their previous
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Table 9 Branching fractions for D → (pi,K)ℓ+νℓ (in %). We used the lifetime values τD+ = 1.04 ps and τD0 = 0.41 ps from
PDG [5] in our calculation.
Channel CCQM HMχT [52] LFQM [54] LCSR [46] Experiment Ref.
D0 → pi−e+νe 0.22 0.27 0.278+0.035−0.030 0.293± 0.004 PDG [5]
D0 → pi−µ+νµ 0.22 0.275+0.035−0.030 0.272± 0.010 BESIII [14]
0.231± 0.032 Belle [8]
D+ → pi0e+νe 0.29 0.33 0.41± 0.03 0.352+0.045−0.038 0.372± 0.017 PDG [5]
D+ → pi0µ+νµ 0.28 0.41± 0.03 0.349+0.045−0.038 0.350± 0.015 BESIII [14]
D0 → K−e+νe 3.63 3.4 3.20+0.47−0.43 3.503± 0.029 PDG [5]
D0 → K−µ+νµ 3.53 3.15+0.46−0.42 3.413± 0.040 BESIII [97]
3.45± 0.23 Belle [8]
D+ → K¯0e+νe 9.28 8.4 10.32± 0.93 8.12+1.19−1.08 8.73± 0.10 PDG [5]
D+ → K¯0µ+νµ 9.02 10.07± 0.91 7.98+1.16−1.06 8.72± 0.19 BESIII [12]
Table 10 Test of isospin invariance and LFU.
Ratio CCQM Experiment Ref. Ratio CCQM Experiment Ref.
Iepi 1.97 2.03± 0.14± 0.08 CLEO [21] Rpi− 0.98 0.922± 0.030± 0.022 BESIII [14]
IeK 0.99 1.06± 0.02± 0.03 CLEO [21] Rpi0 0.98 0.964± 0.037± 0.026 BESIII [14]
1.08± 0.22± 0.07 BES [98] RK− 0.97 0.974± 0.007± 0.012 BESIII [97]
Table 11 Ratios of the D → ρ transition form factors at maximum recoil.
Ratio CCQM CQM [51] LFQM [56] LCSR [46] HMχT [53] Experiment Ref.
r2 0.93± 0.19 0.83 0.78 0.62 0.51 0.83± 0.12 CLEO [99]
0.845± 0.068 BESIII [101]
rV 1.26± 0.25 1.53 1.47 1.34 1.72 1.48± 0.16 CLEO [99]
1.695± 0.097 BESIII [101]
measurements of the corresponding electron modes, they
obtained the ratios Rpi− = 0.922 ± 0.030 ± 0.022 and
Rpi0 = 0.964±0.037±0.026, which agree with LFU expec-
tation within 1.7σ and 0.5σ, respectively. Similar test of
LFU was done for the decays D0 → K−ℓ+νℓ [97] with sig-
nificantly improved precision. In Table 10 we summarize
the result of these tests and also provide the values from
the CCQM. The results show no significant violations of
isospin symmetry or LFU.
6.2 D0 → ρ−ℓ+νℓ and D+ → ρ0ℓ+νℓ
The decays D+(0) → ρ0(−)e+νe were measured first by
CLEO [99, 100], and then by BESIII [101] with improved
precision. The two collaborations also provided the form
factor ratios r2 and rV , which are presented in Table 11.
Our prediction for r2 is compatible with both experiments.
Our value for rV agrees with CLEO data, but is somewhat
lower than BESIII result.
Using the 2010 PDG values of |Vcd| and the D+(0) life-
times [102], CLEO obtained the form factor normaliza-
tions A1(0) = 0.56±0.01+0.02−0.03, A2(0) = 0.47±0.06±0.04,
and V (0) = 0.84±0.09+0.05−0.06. These values are in agreement
with our results A1(0) = 0.61± 0.09, A2(0) = 0.57± 0.08,
and V (0) = 0.77 ± 0.11. In Fig. 6 we plot the q2 depen-
dence for the D → ρ form factors from several models for
comparison. We also show here the form factors obtained
from CLEO data [99] using the single pole model they
assumed for data fitting.
Finally, we summarize theoretical predictions for the
branching fractions B(D → ρℓ+νe) in Table 12. It is
worth considering that isospin invariance demands the
ratio Γ(D0 → ρ−e+νe)/2Γ(D+ → ρ0e+νe) to be equal
to unity, and our calculation yields 0.98, in agreement
with CLEO’s result of 1.03± 0.09+0.08−0.02 [99] and the value
0.985± 0.054± 0.043 by BESIII [101].
6.3 D+ → ωℓ+νℓ
The decay D+ → ωe+νe was observed first by CLEO [99],
then by BESIII with improved precision [103]. BESIII also
obtained the form factor ratios r2 and rV for the first
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Fig. 6 Form factors for D → ρ in our model, LFQM [56], HMχT [53], CQM [51], and CLEO data [99].
Table 12 Branching fractions for D → ρℓ+νe (in unit of 10−3).
Channel CCQM χUA [59] HMχT [53] LCSR [46] Experiment Ref.
D0 → ρ−e+νe 1.62 1.97 2.0 1.81+0.18−0.13 1.445± 0.070 BESIII [101]
1.77± 0.16 CLEO [99]
D0 → ρ−µ+νµ 1.55 1.84 1.73+0.17−0.13
D+ → ρ0e+νe 2.09 2.54 2.5 2.29+0.23−0.16 1.860± 0.093 BESIII [101]
2.17± 0.12+0.12−0.22 CLEO [99]
D+ → ρ0µ+νµ 2.01 2.37 2.20+0.21−0.16 2.4± 0.4 PDG [5]
Table 13 Ratios of the D → ω transition form factors at maximum recoil.
Ratio CCQM LCSR [46] LFQM [56] HMχT [53] BESIII [103]
r2 0.95± 0.19 0.60 0.84 0.51 1.06± 0.16
rV 1.24± 0.25 1.33 1.47 1.72 1.24± 0.11
time, which perfectly agree with our prediction (see Ta-
ble 13). In Fig. 7 we compare the q2 dependence of the
form factors with the LFQM [56] and HMχT [53]. It is
seen that our form factors are very close to those from
the LFQM, especially A0(q2) and A1(q2). In Table 14
we summarize theoretical predictions for the branching
fractions B(D+ → ωℓ+νℓ) and experimental data for
B(D+ → ωe+νe).
6.4 D+ → K¯∗(892)0ℓ+νℓ and D0 → K∗(892)−ℓ+νℓ
The decays D → K∗ℓ+νℓ are Cabibbo favored. However,
the modes D0 → K∗−ℓ+νℓ are experimentally much more
challenging than their isospin-symmetric modes D+ →
K¯∗0ℓ+νℓ. The reason lies in the reconstruction of the
K∗ meson, which decays mainly into a Kpi pair. For
the D+ → K¯∗0(→ K−pi+)ℓ+νℓ channel, the final-state
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Fig. 7 Form factors for D+ → ω in our model, LFQM [56], and HMχT [53].
Table 14 Branching fractions for D+ → ωℓ+νℓ (in unit of 10−3).
Channel CCQM LFQM [54] HMχT [53] LCSR [46] χUA [59] Experiment Ref.
D+ → ωe+νe 1.85 2.1± 0.2 2.5 1.93+0.20−0.14 2.46 1.63± 0.14 BESIII [103]
1.82± 0.19 CLEO [99]
D+ → ωµ+νµ 1.78 2.0± 0.2 1.85+0.19−0.13 2.29
Table 15 Ratios of the D → K∗ transition form factors at maximum recoil.
Ratio CCQM CQM LFQM LCSR HMχT PDG [5] Other Ref.
[51] [56] [46] [53] (D+ → K¯∗0) (D0 → K∗−)
r2 0.92± 0.18 0.74 0.83 0.60 0.50 0.802± 0.021 0.67± 0.06 BESIII [105]
0.91± 0.38 FOCUS [104]
rV 1.22± 0.24 1.56 1.36 1.39 1.60 1.49± 0.05 1.46± 0.07 BESIII [105]
1.71± 0.76 FOCUS [104]
charged mesons can be reconstructed better than the
neutral kaon or pion appearing in the case of D0 →
K∗−ℓ+νℓ [3]. As a result, the D+ → K¯∗0ℓ+νℓ modes
have been extensively studied in various experiments. In
particular, the ratios of the form factors have been mea-
sured mostly in these modes, with the average values of
r2 = 0.802 ± 0.021 and rV = 1.49 ± 0.05 [5] (see Ta-
ble 15). These ratios were also measured in the decay
D0 → K∗−µ+νµ by FOCUS [104] and D0 → K∗−e+νe
by BESIII [105]. The precise measurement of r2 by BE-
SIII [105] is, however, lower than the average value ob-
tained in the D+ → K¯∗0ℓ+νℓ channel by about 2σ. More
experimental study should be dedicated to address this
discrepancy.
In Fig. 8 we compare the q2 dependence of the form fac-
tors calculated in our model, LFQM [56], HMχT [53], and
CQM [51]. The shape and the normalization of our form
factors are close to those from LFQM. It is worth mention-
ing that the normalization of the form factor A1(q2) was
obtained in several experiments. BESIII used the values
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Fig. 8 Form factors for D → K∗0 in our model, LFQM [56], HMχT [53], and CQM [51].
Table 16 Branching fraction for D → K∗(892)ℓ+νℓ (in %).
Channel CCQM LFQM [54] CQM [51] LCSR [46] χUA [59] Experiment Ref.
D0 → K∗−e+νe 2.96 2.46 2.12+0.09−0.09 2.15 2.033± 0.066 BESIII [105]
2.16± 0.17 CLEO [100]
D0 → K∗−µ+νµ 2.80 2.01+0.09−0.08 1.98
D+ → K¯∗0e+νe 7.61 7.5± 0.7 6.24 5.37+0.24−0.23 5.56 5.40± 0.10 PDG [5]
D+ → K¯∗0µ+νµ 7.21 7.0± 0.7 5.10+0.23−0.21 5.12 5.27± 0.16 CLEO [108]
τD+ = (10.40± 0.07)× 10−13 s and |Vcs| = 0.986± 0.016
to obtain A1(0) = 0.589 ± 0.016 [106]. BABAR used the
same value for τD+ and |Vcs| = 0.9729 ± 0.003 to ob-
tain A1(0) = 0.620 ± 0.011 [107]. Our model predicts
A1(0) = 0.74 ± 0.11, which is slightly larger than both
experimental values.
In Table 16 we present the branching fractions of the
decays D → K∗(892)ℓ+νℓ. Our results agree with those
obtained in the LFQM, but are larger than other theoret-
ical predictions and experimental results.
6.5 D+s → K0ℓ+νℓ
In Table 17 we present the theoretical predictions for
the form factor FDsK+ (0). Our prediction is compara-
ble to those from LFQM [56] and CQM [51], however,
smaller than the results of LCSR [46] and lattice calcu-
lations [89, 91, 92]. In Fig. 9 we plot the q2 dependence
for the form factors F+(q2) and F0(q2). It is seen that the
CCQM predicts smaller values for these form factors in
the whole q2 range. As a result, our branching fractions
are smaller than the predictions of other theoretical ap-
proaches, as seen in Table 18.
Our result for the branching fraction of D+s → K0e+νe
is nearly two times smaller than the CLEO central
value [109]. Recently, the BESIII collaboration reported
their new measurements of the branching fractions for
the decay D+s → K0e+νe with improved precision [110].
They also obtained for the first time the values of the
form factors at maximum recoil. Their result for B(D+s →
K0e+νe) is closer to our prediction, in comparison with
the CLEO one [109], but is still larger than ours by about
2σ. Regarding the form factor, BESIII obtained the value
fDsK+ (0) = 0.720±0.085 which marginally agrees with our
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Table 17 Comparison of F+(0) for Ds → K0 transitions.
CCQM Other Ref. Lattice Ref.
0.60± 0.09 0.820+0.080−0.071 LCSR [46] 0.765± 0.031 ETM [89]
0.66 LFQM [56] 0.747± 0.019 HPQCD [92]
0.72 CQM [51] 0.73± 0.03± 0.07 Aubin et al. [91]
Fig. 9 Form factors F+(0)(q2) for D+s → K0 in our model, LFQM [56], LCSR [46], and CQM [51].
Table 18 Branching fractions for D+s → K0ℓ+νℓ (in unit of 10−3).
Channel CCQM LFQM [54] CQM [51] LCSR [46] Experiment Ref.
D+s → K0e+νe 2.0 2.7± 0.2 3.18 3.90+0.74−0.57 3.9± 0.9 CLEO [109]
3.25± 0.41 BESIII [110]
D+s → K0µ+νµ 2.0 2.6± 0.2 3.18 3.83+0.72−0.56
prediction 0.60± 0.09.
6.6 D+s → K¯∗(892)0ℓ+νℓ
The decays D+s → K¯∗0ℓ+νℓ are Cabibbo suppressed and
therefore, experimentally challenging. There exist only
two measurements of the electron mode D+s → K¯∗0e+νe
by CLEO [109, 111] and BESIII [110] collaborations. BE-
SIII also measured the form factor ratios for the first time.
However, the current uncertainties for these ratios are still
large, and cover the wide range of various theoretical pre-
dictions (see Table 19).
More experimental data would be needed to test
these predictions, which differ largely between models. In
Fig. 10 we compare the shape of the Ds → K∗0 form
factors in the entire q2 range between our model, LFQM,
HMχT, and CQM. The results for the branching fractions
are presented in Table 20. Despite the difference in the
form factors, the branching fractions from different mod-
els are quite consistent, and agree well with the available
experimental data.
6.7 D+s → φℓ+νℓ
The form factor ratios for the D+s → φ transition are
shown in Table 21. In general, our results for the ratios r2
and rV agree well with the PDG data within uncertainty.
However, in the case of rV (D+s → φ), our prediction is
much lower than that from PDG. Note that our value
rV (D
+
s → φ) = 1.34 is close to the values 1.42 from the
LFQM [56] and 1.37 from LCSR [46].
The full set of D+s → φ form factors was obtained from
full LQCD by the HPQCD collaboration [112]. The avail-
able kinematic range 0 ≤ q2 ≤ 0.90 GeV2 in this channel
was small enough to be covered entirely in the calculation.
Their results for the ratios r2 and rV are also given in Ta-
Table 19 Ratios of the D+s → K∗0 transition form factors at maximum recoil.
Ratio CCQM CQM [51] LFQM [56] LCSR [46] HMχT [53] BESIII [110]
r2 0.99± 0.20 0.74 0.82 0.53 0.55 0.77± 0.29
rV 1.40± 0.28 1.82 1.55 1.31 1.93 1.67± 0.38
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Fig. 10 Form factors for D+s → K∗(892)0 in our model, LFQM [56], HMχT [53], and CQM [51].
Table 20 Branching fractions for D+s → K∗0ℓ+νℓ (in %) in our model, CQM [51], χUA [59], HMχT [53], LFQM [54],
LCSR [46], and experimental data.
Channel CCQM CQM χUA HMχT LFQM LCSR Experiment
D+s → K∗0e+νe 0.18 0.19 0.202 0.22 0.19± 0.02 0.233+0.029−0.030 0.18± 0.04 [109]
0.237± 0.033 [110]
D+s → K∗0µ+νµ 0.17 0.19 0.189 0.22 0.19± 0.02 0.224+0.027−0.029
Table 21 Ratios of the D+s → φ transition form factors at maximum recoil.
Ratio CCQM CQM [51] LFQM [56] LCSR [46] HMχT [53] LQCD [112] PDG [5]
r2 0.99± 0.20 0.73 0.86 0.53+0.10−0.06 0.52 0.74± 0.12 0.84± 0.11
rV 1.34± 0.27 1.72 1.42 1.37+0.24−0.21 1.80 1.72± 0.21 1.80± 0.08
ble 21, which are in agreement with BABAR data [113]
and with the world average values from PDG.
The q2 dependence of the form factors are shown in
Fig. 11. Our form factors are close to the LFQM pre-
dictions. The form factor A2(q2) varies largely between
models. It should be noted that for this decay, the form
factors obtained in the CQM [51] agree well with LQCD
calculation [112].
In Table 22 we present predictions and experimental
results for the branching fractions B(D+s → φℓ+νℓ). The
decay D+s → φe+νe has been measured by BABAR,
CLEO, and BESIII collaborations. The results were av-
eraged by the PDG, giving B(D+s → φe+νe) = 2.39 ±
0.16 (%) [5]. The muon mode was measured by BESIII
very recently [13].
6.8 D+ → η(′)ℓ+νℓ and D+s → η(′)ℓ+νℓ
The semileptonic decays of D(s) into η(′) are of special
interest since they help probe the η–η′ mixing angle and
can shed more light on the long-standing question on the
gluonic component of these mesons. Many analyses and
phenomenological studies have been done to find a def-
inite answer. However, at the moment, this remains an
open question since the current experimental and theo-
retical results are not precise enough to approve or rule
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Fig. 11 Form factors for D+s → φ in our model, LFQM [56], HMχT [53], CQM [51], and LQCD [112].
Table 22 Branching fractions for D+s → φℓ+νℓ (in %).
Channel CCQM LFQM [54] CQM [51] LCSR [46] χUA [59] Experiment Ref.
D+s → φe+νe 3.01 3.1± 0.3 2.57 2.53+0.37−0.40 2.12 2.26± 0.46 BESIII [13]
2.61± 0.17 BABAR [113]
2.14± 0.19 CLEO [109]
D+s → φµ+νµ 2.85 2.9± 0.3 2.57 2.40+0.35−0.37 1.94 1.94± 0.54 BESIII [13]
out the gluonic contribution. More precise experimental
data on η(′) decays as well as better input from LQCD
are therefore highly awaited (see e.g., Refs. [114–116] and
references therein).
The η − η′ mixing can be described in two bases. In
the singlet-octet basis, these mesons are mixtures of the
|η0〉 = 1√3 |uu¯ + dd¯ + ss¯〉 and |η8〉 = 1√6 |uu¯ + dd¯ − 2ss¯〉components,( |η〉
|η′〉
)
=
( cos θP − sin θP
sin θP cos θP
)( |η8〉
|η0〉
)
. (66)
While in the quark basis, η and η′ are composed by the
nonstrange |ηq〉 = 1√2 |uu¯ + dd¯〉 and strange |ηs〉 = |ss¯〉states,( |η〉
|η′〉
)
=
( cosφP − sinφP
sinφP cosφP
)( |ηq〉
|ηs〉
)
. (67)
The two bases can be transformed between each other.
The relation between the mixing angles reads θP = φP −
arctan
√
2. It should be noted that, in general, two mixing
angles in each basis are required to properly take into
account SU(3) symmetry breaking effects. However, in the
quark basis, the two angles are very close, and the use of
only one effective mixing angle is adequate [117]. Finally,
in the quark basis, the gluonic component can be included
by using an additional mixing angle φG as follows [115]:
|η′〉 = cosφG (sinφP |ηq〉+ cosφP |ηs〉) + sinφG|gg〉, (68)
|η〉 = cosφP |ηq〉 − sinφP |ηs〉, (69)
where the |gg〉 contribution to the η state, which is sup-
posed to be smaller than that to η′ [118], has been omitted
for simplicity.
In our calculation, we assume zero gluonic contribution.
We use the quark basis, however, with a different mixing
angle δ as follows:( |η〉
|η′〉
)
= −
( sin δ cos δ
− cos δ sin δ
)( |ηq〉
|ηs〉
)
. (70)
The angle δ is related to φP and θP by δ = φP − pi/2 =
θP − arctan(1/
√
2). We take the value θP = −15.4◦ from
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Table 23 Form factors describing the Ds → ηs and D → ηq transitions in the double-pole parametrization Eq. (63).
F F (0) a b F F (0) a b
F
D→ηq
+ (Λ
qq¯
η ) 0.67 0.93 0.12 FD→ηq− (Λqq¯η ) −0.37 1.02 0.18
F
D→ηq
+ (Λ
qq¯
η′ ) 0.76 1.23 0.23 F
D→ηq
− (Λ
qq¯
η′ ) −0.064 2.29 1.71
FDs→ηs+ (Λ
ss¯
η ) 0.78 0.69 0.002 FDs→ηs− (Λss¯η ) −0.42 0.74 0.008
FDs→ηs+ (Λ
ss¯
η′ ) 0.73 0.88 0.018 F
Ds→ηs
− (Λ
ss¯
η′ ) −0.28 0.92 0.009
Table 24 Comparison of F+(0) for D(s) → η, η′ transitions. In Ref. [120], the lattice calculation was done for two different val-
ues of pion mass: Mpi = 470 MeV (denoted by a dagger), and Mpi = 370 MeV (denoted by an asterisk).
Ds → η Ds → η′ D → η D → η′
CCQM 0.49± 0.07 0.59± 0.09 0.36± 0.05 0.36± 0.05
LFQM [56] 0.48 0.59 0.39 0.32
CQM [51] 0.50 0.60
LQCD†[120] 0.564± 0.011 0.437± 0.018
LQCD∗[120] 0.542± 0.013 0.404± 0.025
LCSR [42] 0.432± 0.033 0.520± 0.080 0.552± 0.051 0.458± 0.105
LCSR [43] 0.495+0.030−0.029 0.558+0.047−0.045 0.429+0.165−0.141 0.292+0.113−0.104
BESIII [119] 0.4576± 0.0064 0.490± 0.051
Ref. [117]. It is important to note that, in the CCQM, we
distinguish between the size parameters of the strange and
nonstrange pieces appearing in the quark currents:
η → − 1√
2
sin δΦΛqq¯η (u¯u+ d¯d)− cos δΦΛss¯η s¯s, (71)
η′ → + 1√
2
cos δΦΛqq¯
η′
(u¯u+ d¯d)− sin δΦΛss¯
η′
s¯s. (72)
We remind the reader that ΦΛX is the vertex function of
the state X, which contains the corresponding size pa-
rameter ΛX . This treatment effectively helps take care of
SU(3) breaking, and requires four independent size pa-
rameters which should be fitted from a number of electro-
magnetic processes involving η and η′ (see [66] for more
detail). The results for these parameters are shown in Ta-
ble 2.
Since we use four independent size parameters, the
“physical” form factors of the transitions D → η(′) and
Ds → η(′) are written as1)
FD→η± = −
sin δ√
2
F
D→ηq
± (Λ
qq¯
η ),
FD→η
′
± = +
cos δ√
2
F
D→ηq
± (Λ
qq¯
η′ ),
FDs→η± = − cos δFDs→ηs± (Λss¯η ),
FDs→η
′
± = − sin δFDs→ηs± (Λss¯η′ ). (73)
1)In our recent paper [16], we used the notations FD→η(′)± and
FDs→η
(′)
± for F
D→ηq
± (Λ
qq¯
η(′) ) and F
Ds→ηs
± (Λ
ss¯
η(′) ), respectively,
which may cause some misunderstanding. For comparison with ex-
perimental results, e.g., [119], one should multiply the form factors
given in [16] with the corresponding mixing factors as in Eq. (73).
It should be noted that cos δ > 0, so one has FDs→η+ (q2) <
0 and FDs→η− (q2) > 0. This change of sign comes
from the SU(3) mixing and not from the relevant di-
agrams. In what follows, we will refer to FDs→η+ (q2)
as |FDs→η+ (q2)| without using the absolute-value nota-
tion. Assuming relatively small SU(3) breaking, one
would expect that FD→ηq± (Λqq¯η ) ≈ FD→ηq± (Λqq¯η′ ) and
FDs→ηs± (Λ
ss¯
η ) ≈ FDs→ηs± (Λss¯η′ ). However, in the framework
of the CCQM, we observe that this is true only for the
case Ds → ηs. For D → ηq, the form factors FD→ηq± (Λqq¯η )
and FD→ηq± (Λqq¯η′ ) differ significantly (see Table 23). This
implies that the SU(3) breaking effects are large in this
case.
In Table 24 we summarize the results for F+(0). It is
seen that for the Ds → η(′) channels, current theoretical
predictions are quite consistent between each other, and
agree reasonably well with the first experimental data ob-
tained very recently by BESIII [119]. However, the lat-
tice calculation [120] shows the tendency FDs→η+ (0) >
FDs→η
′
+ (0), which is opposite to what is observed in other
approaches and from BESIII result. It is interesting to
note that the predictions in different quark models (in-
cluding ours) for FDs→η(′)+ (0) are identical. Regarding the
transitions D → η(′), no experimental data is available
so far. Our predictions show that FD→η+ (0) ≈ FD→η
′
+ (0)
while LFQM and LCSR calculations observed a mild ten-
dency that FD→η+ (0) > FD→η
′
+ (0). This would serve as a
good test for the model predictions, given that measure-
ments of FD→η(′)+ (0) will soon be available. In Fig. 12, we
plot the q2 dependence of the form factors F+(q2) obtained
in various approaches.
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Fig. 12 Form factor F+(q2) for D+(s) → η(′) in our model, LCSR [42, 43, 46], LFQM [56], and CQM [51].
Theoretical predictions and experimental data for the
branching fractions of the decays D+(s) → (η, η′)ℓ+νℓ are
summarized in Table 25. It is seen that our results agree
very well with CLEO and BESIII measurements. Regard-
ing the ratios of branching fractions, we got B(D+s →
η′e+νe)/B(D+s → ηe+νe) = 0.37 which coincides with the
result 0.36±0.14 obtained by CLEO [111] and the more re-
cent one 0.40± 0.14 by BESIII [121]. Our result B(D+ →
η′e+νe)/B(D+ → ηe+νe) = 0.21 agrees with the values
0.19 ± 0.05 and 0.18 ± 0.05 extracted from experimental
data by CLEO [122] and BESIII [123], respectively. Our
prediction B(D+s → η′µ+νµ)/B(D+s → ηµ+νµ) = 0.36 is
in good agreement with the recent result 0.44±0.23 of BE-
SIII [13]. Finally, we predict B(D+ → η′µ+νµ)/B(D+ →
ηµ+νµ) = 0.21 which will be tested by future experiments.
6.9 D+(s) → D0e+νe
The decays D+(s) → D0e+νe are of particular interest be-
cause they are induced by the light quark decay d(s)→ u,
while the heavy c quark acts as the spectator. The avail-
able q2 range in these decays are very small, 0 ≤ q2 ≤
(mD(s) −mD0)2 ≈ 10−5(10−2) GeV2, and the only possi-
ble final charged lepton is the positron. This phase-space
suppression makes the decays very rare in the SM, and the
observation ofD+ → D0e+νe is far beyond the current ex-
perimental capacity. However, the decay D+s → D0e+νe
can be reached in the near future by Belle II. Recently,
the first experimental constraint on the branching fraction
B(D+ → D0e+νe) was obtained by BESIII [124]. How-
ever, the upper limit is still far above the SM predictions.
From the theoretical point of view, the small phase
space helps to reduce significantly the theoretical errors,
and the branching fractions can be calculated with high
precision. This provides a precise test of the SM in future
experiments and deepens our understanding of the light
quark transitions in the background field of the heavy
spectator. The first theoretical calculation of these rare
decays was done with the help of flavor SU(3) symmetry
in the light quark sector [125]. By assuming SU(3) sym-
metry, the form factors are normalized to unity at maxi-
mum recoil, FDD0(s)+ (0) = 1. Their q2 dependence is then
obtained by using the simple pole extrapolation. Finally,
the uncertainties are estimated based on SU(3) breaking
effects due to the strange quark mass. A more detailed
study later was done using a similar approach with an
extension to the semileptonic and nonleptonic decays of
heavy baryons [126].
In the CCQM, we obtain FDD0+ (q2) ≈ 0.91 and
FDDs+ (q
2) ≈ (0.92–0.93) for the whole q2 range. In Ta-
ble 26, we summarize the results for the semileptonic de-
cays D+(s) → D0e+νe. The branching fractions obtained
in the CCQM are comparable with other theoretical cal-
culations mentioned above.
64401-23 M. A. Ivanov, et al., Front. Phys. 14(6), 64401 (2019)
Review article
Table 25 Branching fractions for D+ → η(′)ℓ+νℓ (in 10−4) and D+s → η(′)ℓ+νℓ (in %).
Channel CCQM LFQM [54] LCSR [46] LCSR [43] LCSR [42] Experiment Ref.
D+ → ηe+νe 9.38 12.0± 1.0 8.60+1.60−1.50 14.2± 11.0 24.5± 5.26 10.74± 0.96 BESIII [123]
11.4± 1.0 CLEO [122]
D+ → ηµ+νµ 9.12 12.0± 1.0 8.40+1.60−1.40
D+ → η′e+νe 2.00 1.80± 0.20 1.52± 1.17 3.86± 1.77 1.91± 0.53 BESIII [123]
2.16± 0.53 CLEO [122]
D+ → η′µ+νµ 1.90 1.70± 0.20
D+s → ηe+νe 2.24 2.26± 0.21 1.27+0.26−0.20 2.40± 0.28 2.00± 0.32 2.29± 0.19 PDG [5]
2.32± 0.09 BESIII [119]
D+s → ηµ+νµ 2.18 2.22± 0.20 1.25+0.25−0.20 2.42± 0.47 BESIII [13]
D+s → η′e+νe 0.83 0.89± 0.09 0.79± 0.14 0.75± 0.23 0.74± 0.14 PDG [5]
0.82± 0.08 BESIII [119]
D+s → η′µ+νµ 0.79 0.85± 0.08 1.06± 0.54 BESIII [13]
Table 26 Branching fractions for D+(s) → D0e+νe, with |Vus| = 0.2243 and |Vud| = 0.9742 [5].
Channel CCQM Other Ref. Experiment Ref.
D+ → D0e+νe 2.23× 10−13 2.78× 10−13 [125] < 1.0× 10−4 BESIII [124]
2.71× 10−13 [126]
D+s → D0e+νe 2.52× 10−8 (2.97± 0.03)× 10−8 [125]
3.34× 10−8 [126]
6.10 Polarization observables
In Section 4, starting with the full angular distribution,
we have defined a number of physical observables that
can be studied experimentally. These observables include
the forward-backward asymmetry AℓFB(q2), the longitu-
dinal P ℓL(q2) and transverse P ℓT (q2) polarizations of the
final charged lepton, the lepton-side CℓF (q2) and hadron-
side ChF (q2) convexity parameters, the polarization frac-
tions of the final vector meson FL,T (q2), and the trigono-
metric moments WT,I,A(q2). These observables provide a
more detailed picture of the physics in semileptonic de-
cays of hadrons, and help study the lepton-mass effects.
At B-factories, polarization observables have been mea-
sured extensively, especially in light of several LFU viola-
tion signals accumulated recently in B meson decays (for
a recent review, see e.g., Ref. [127]).
Due to currently limited statistics, it is difficult to
measure the q2 dependence of these observables. Instead,
they are usually averaged over the whole q2 range. It
should be noted that, in order to calculate the q2 av-
erage, one has to multiply both the numerator and de-
nominator of e.g. Eq. (44) by the q2-dependent piece
C(q2) = |p2|(q2 −m2ℓ)2/q2 of the phase-space factor, and
then integrate the two separately. For example, the mean
forward-backward asymmetry is calculated as follows:
〈AFB〉 = 3
4
∫ dq2C(q2)(HP − 4δℓHSL)∫ dq2C(q2)Htot . (74)
In Table 27 we summarize our predictions for the q2-
average of the polarization observables.2) One sees that
the lepton-mass effect in 〈AℓFB〉 is small for the D(s) → V
transitions: the absolute values of the asymmetry for the
muon modes are only about 15% larger than those for the
corresponding positron ones. For the D(s) → P transi-
tions, one has 〈AµFB〉/〈AeFB〉 ∼ 104, simply because the
forward-backward asymmetry in this case is proportional
to the lepton mass squared. In the zero lepton mass limit,
leptons are purely longitudinally polarized. The longi-
tudinal polarization of the positron is very close to the
zero-lepton-mass value of unity. It is essentially the muon
mass that brings in a difference of about 10%–30% be-
tween 〈PµL 〉 and 〈P eL〉. The lepton-mass effect in the trans-
verse polarization is much more significant than that in
the longitudinal one due to the fact that P ℓT is directly
proportional to mℓ. It is seen explicitly in Table 27 that
〈PµT 〉/〈P eT 〉 ∼ 102. Regarding the lepton-side convexity
parameter, the lepton-mass effect yields a difference of
about 10%–20% between 〈CµF 〉 and 〈CeF 〉. For D(s) → P ,
〈CeF 〉 are all very close to −1.5, which is the exact value
in the zero lepton mass limit.
2)We take this chance to consider a correction in our recent paper
[16] where formulae Eqs. (7–9) were obtained for the (ℓ−ν¯ℓ) final-
state configuration, and not (ℓ+νℓ). As a result, our predictions
for the polarization observables in Table 10 of [16] were actually
made for the (ℓ−ν¯ℓ) final state, and not (ℓ+νℓ) as they should have
been.
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Table 27 Mean values for forward-backward asymmetry, longitudinal and transverse polarizations, and lepton-side convexity
parameter.
Channel 〈AeFB〉 〈AµFB〉 〈P eL〉 〈PµL〉 102 〈P eT 〉 〈PµT 〉 〈CeF 〉 〈CµF 〉
D → piℓ+νℓ −4.1× 10−6 −0.04 1.00 0.88 −0.22 −0.36 −1.5 −1.37
D → Kℓ+νℓ −6.4× 10−6 −0.06 1.00 0.83 −0.28 −0.43 −1.5 −1.32
D → ηℓ+νℓ −6.4× 10−6 −0.06 1.00 0.83 −0.28 −0.44 −1.5 −1.32
D → η′ℓ+νℓ −13.0× 10−6 −0.10 1.00 0.70 −0.42 −0.59 −1.5 −1.19
D → ρℓ+νℓ −0.21 −0.24 1.00 0.92 −0.09 −0.13 −0.44 −0.36
D → ωℓ+νℓ −0.21 −0.24 1.00 0.92 −0.09 −0.12 −0.43 −0.35
D → K∗ℓ+νℓ −0.18 −0.21 1.00 0.91 −0.11 −0.15 −0.47 −0.37
Ds → Kℓ+νℓ −5.0× 10−6 −0.05 1.00 0.86 −0.24 −0.39 −1.5 −1.35
Ds → ηℓ+νℓ −6.0× 10−6 −0.06 1.00 0.84 −0.27 −0.42 −1.5 −1.33
Ds → η′ℓ+νℓ −11.2× 10−6 −0.09 1.00 0.75 −0.38 −0.54 −1.5 −1.23
Ds → φℓ+νℓ −0.18 −0.21 1.00 0.91 −0.11 −0.14 −0.43 −0.34
Ds → K∗ℓ+νℓ −0.22 −0.25 1.00 0.92 −0.09 −0.11 −0.40 −0.33
In Table 28 we present our predictions for the lon-
gitudinal polarization fraction of the final vector meson
and the trigonometric moments. The lepton-mass effect in
these observables is rather small, about 2%–13%. For the
positron modes, one has 〈FL〉 > 0.5, which indicates that
the final vector mesons are polarized slightly more lon-
gitudinally than transversely. However, this tendency re-
duces, and can even be reversed in the muon modes, as one
can see 〈FL〉 = 0.49 for Ds → K∗µ+νµ. It is important to
note that this should be confirmed by experiments, since
such small difference (0.49 vs. 0.50) lies within the theoret-
ical uncertainty of the CCQM. For D(s) → P , one simply
has WT (q2) = WI(q2) = WA(q2) = 0, and FL(q2) = 1.
The fraction FL(q2) has been studied widely, both the-
oretically and experimentally, in beauty decays. In charm
decays, the equivalent observable ΓL/ΓT has tradition-
ally been used more often in the literature, where ΓL(T )
denotes the partial decay rate of the vector meson in the
final state with longitudinal (transverse) polarization. The
relation between the two observables reads
ΓL
ΓT
=
〈FL〉
〈FT 〉 =
〈FL〉
1− 〈FL〉 . (75)
In Table 29 we summarize theoretical predictions for
ΓL/ΓT . The ratio has been measured in the decays D →
K∗ℓ+νℓ and Ds → φℓ+νℓ, with the average values of
1.13 ± 0.08 and 0.72 ± 0.18, respectively [5]. The later
is quite small, compared to the predictions of 1.11 in our
model and 1.13 in the LFQM [128].
Table 28 Longitudinal polarization fraction of final vector mesons and trigonometric moments [see Eq. (52)] for positron
and muon (in parentheses) modes.
Channel 〈FL〉 〈WT 〉 〈WI〉 〈WA〉
D → ρℓ+νℓ 0.53 (0.51) −0.091 (−0.089) 0.054 (0.051) −0.067 (−0.061)
D → ωℓ+νℓ 0.52 (0.50) −0.093 (−0.091) 0.054 (0.051) −0.066 (−0.060)
D → K∗ℓ+νℓ 0.54 (0.52) −0.097 (−0.094) 0.055 (0.051) −0.056 (−0.049)
Ds → φℓ+νℓ 0.53 (0.50) −0.101 (−0.098) 0.055 (0.052) −0.055 (−0.048)
Ds → K∗ℓ+νℓ 0.51 (0.49) −0.094 (−0.092) 0.054 (0.051) −0.068 (−0.062)
Table 29 Ratio ΓL/ΓT of a final vector meson for positron and muon (bold text) modes.
Channel CCQM Other Ref. Channel CCQM Other Ref.
D → ρℓ+νℓ 1.13 (1.04) 1.16 CQM [51] D → K∗ℓ+νℓ 1.18 (1.07) 1.28 CQM [51]
1.17(9) LCSR [129] 1.15(10) LCSR [129]
0.86(6) QCDSR [36] 1.2(3) LQCD [130]
Ds → φℓ+νℓ 1.11 (1.01) 1.13 LFQM [128] Ds → K∗ℓ+νℓ 1.04 (0.97) 1.09 LFQM [128]
D → ωℓ+νℓ 1.10 (1.02) 1.21 CQM [51]
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7 Summary and conclusion
We provided a detailed theoretical description of charm
semileptonic decays with strong emphasis on phenomeno-
logical applications. Starting with the decay matrix ele-
ments, we defined the hadronic form factors and discussed
their parametrizations commonly used in the literature.
The full angular decay distribution was obtained with the
help of the helicity technique in a pedagogical manner.
Systematically, a large set of physical observables were
introduced based on the angular distribution, which pro-
vides a detailed framework for the study of semileptonic
decays. All formulae were derived in their full form, taking
into account the lepton mass.
The review included recent experimental data on the D
and Ds semileptonic decays and the corresponding theo-
retical predictions from various studies. However, we fo-
cused mainly on our predictions obtained in the covari-
ant confining quark model, which allowed us to calculate
all nescessary hadronic form factors in the full kinematic
regions. A thorough comparison of the form factor nor-
malization and shape was provided between the CCQM
and other theoretical approaches, as well as experimen-
tal data whenever possible. In general, our predictions for
the form factor F+(0) and the ratios r2,V agree reason-
ably well with experimental data. However, the prediction
rDsφV = 1.37 ± 0.27 is quite small compared to the world
average value 1.80 ± 0.08 given by the PDG [5]. By sys-
tematically comparing our form factors with those from
other approaches, we observed that: (i) our form factors
are less steep near q2max; (ii) the CCQM tends to predict
higher values for A1(q2) and lower values for V (q2) in
comparision with other theoretical studies, which results
in smaller values for the ratio rV ; (iii) both the normaliza-
tion and shape of our form factors are very close to those
in the covariant LFQM.
Our results for the decay branching fractions and their
ratios are in good agreement with other theoretical ap-
proaches and with recent experimental data given by
BABAR, CLEO, and BESIII collaborations. In particular,
the ratios of branching fractions are in full agreement with
experimental data. Regarding the branching fraction,
for all decays, our results agree with experimental data
within 35% theoretical uncertainty, and in many cases,
within 15%. The only exception is the branching fraction
B(D+s → K0e+νe) = 2.0 × 10−3, which is twice as small
as CLEO result of (3.9± 0.9)× 10−3 [109], and disagrees
with the recent BESIII value (3.25±0.41)×10−3 [110] by
about 60%. Finally, we discussed the lepton mass effect
and provided the first ever theoretical predictions for a
large set of polarization observables, including, in partic-
ular, the forward-backward asymmetries, the lepton longi-
tudinal and transverse polarizations, and the final vector
meson polarizations, which are important for future ex-
periments.
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